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Surface - lattice resonances in 2d arrays of spheres:
multipolar interactions and a mode analysis
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We present a multipolar model of surface - lattice resonances (SLRs) in 2d arrays of spheres
including the electric dipole, magnetic dipole, and electric quadrupole moments of the spheres. We
identify SLRs of dipolar and multipolar character, show the importance of non-resonant multipoles
in their description, and discuss the sensitivity of SLRs to illumination conditions. We link SLRs
to an excitation of modes supported by the array, and we propose a simplified model of the mode
dispersion relations that explains the sensitivity of SLRs and the band gap in mode dispersion found
at low frequencies. Finally we discuss the resonant features associated with a direct coupling to a
mode which can occur in addition to the diffractive coupling signalled by SLRs.
PACS numbers: 78.67.Bf, 78.68.+m, 42.25.Fx
I. INTRODUCTION
A collection of metallic nanoparticles under optical il-
lumination can exhibit a resonance structure very differ-
ent from the plasmon resonance of an isolated emitter.1
The difference arises due to radiative interactions be-
tween the nanoparticles. When nanoparticles are ar-
ranged on a lattice, collective interactions give rise to
rapid variations of the radiation intensity at wavelengths
corresponding to the onset of a new diffraction order.2
The dip in the reflection spectrum observed when a
new diffraction order becomes evanescent – the so called
Rayleigh anomaly – is often accompanied by a narrow
surface-lattice resonance3–6 (SLR) exhibiting an asym-
metric Fano profile.1 Surface-lattice resonances have been
studied in a wide range of systems, including 1d chains7–9
and 2d arrays10–14 of plasmonic and dielectric nanopar-
ticles, nanoparticle arrays on a substrate,15,16 and arrays
involving few nanoantennas per unit cell.17–19
The analytic description of the surface-lattice res-
onances usually relies on approximating each plas-
monic nanoparticle as an electric dipole3,7,8,10–12,15 or
a few dipoles per unit cell in the case of a composite
nanoparticle;17,18 in a description of dielectric nanoparti-
cles the resonant magnetic dipole is also included.9,13 Al-
though for many systems the dipole approximation is suf-
ficient, higher multipole moments contribute to the radi-
ation from nanoparticles of moderate sizes.14,20–26 In ar-
rays of nanoparticles these higher order contributions can
lead to SLRs with very high quality factors, as was ob-
served in experiments on arrays of plasmonic nanorods6
and predicted theoretically for an array of spheres with
large quadrupolarizabilities.14,24
The electrodynamics responsible for the multipolar
SLRs is still not well characterized, even in systems as
simple as an array of spheres. Radiation from an ar-
ray of spheres can be found essentially exactly using nu-
merical methods, such as the layer-multipole scattering
method,27,28 but these do not give direct physical insight
into the nature of the couplings between the nanoparti-
cles. Such an insight can be gained from analytical mod-
els that identify the multipolar structure of resonance
spectrum. However, previous analytical treatments14 of
SLRs associated with higher order multipoles have been
limited in their scope, considering only normally incident
light, and only those multipole moments of each sphere
that contribute significantly to radiation from an isolated
sphere. Yet since the radiation from an array of spheres is
different from that of an isolated sphere, with the differ-
ent multipoles now coupled by radiation interactions that
can depend strongly on illumination conditions, multi-
poles that have a negligible effect on the scattering of
an isolated sphere can become important in the response
of an array. Thus a more in-depth analysis of SLRs is
needed.
In this paper we present an analytic model of the
surface-lattice resonances in 2d arrays of gold spheres.
We take into account the electric dipole, magnetic dipole,
and electric quadrupole moments, both resonant and
non-resonant. We analyze the multipolar structure of the
radiation spectrum over a broad range of illumination
conditions. We show that strong interactions between
multipoles in the vicinity of Rayleigh anomalies result
in a significant contribution from moments that would
be negligible if spheres were non-interacting. These non-
resonant multipoles are especially important in a descrip-
tion of SLRs associated with higher multipole moments,
for which the contribution from a non-resonant magnetic
dipole – and, depending on the angle of incidence, other
multipoles as well – strongly affects the position and pro-
file of the SLR, as well as its very existence.
Surface-lattice resonances arise due to diffractive cou-
pling of incident light to modes supported by the
array;29–33 we refer to the modes for which this diffrac-
tive coupling occurs as surface-lattice modes (SLMs).
However, the coupling mechanism and a link between
properties of SLRs and those of SLMs has not been dis-
cussed in detail. This is because the analytic descrip-
tions of SLRs have often only considered light at normal
incidence,8,12–14 and so even though the dispersion rela-
tions of modes supported by arrays of spheres has been
studied extensively,23,34–38 they have not been discussed
2in connection with SLRs. Here we discuss the connec-
tion between the modes and the resonance spectrum in
detail. We identify SLMs of dipolar and multipolar char-
acter. We discuss the diffractive coupling to those modes
that is signalled by SLRs, as well as a direct coupling
that is also possible, with a careful consideration of en-
ergy balance in the system. SLMs are lossy due both to
absorption in the spheres, and to the very radiative cou-
pling that allows access to them by incident light. With
the use of a new representation of periodic Green func-
tion dyadics39 that allows us to identify exactly the part
of the coupling that leads to the radiative loss, we can
study what might be called “ideal” SLMs by neglecting
both the absorption and the radiative loss. The resulting
ideal dispersion relations give us direct insight into un-
der what illumination conditions the SLRs appear, in the
same way that the “ideal” dispersion of a surface plasmon
at an air/metal interface, even though calculated with
the neglect of absorption loss, can give insight into the
response of the system under irradiation from a cladding
prism separated from the interface by an air gap.40,41
Having linked SLRs to ideal SLMs, we introduce a sim-
plified model of the ideal SLM dispersion relations that
explains their novel features, and we then use it to ex-
plain the sensitivity of SLRs to coupling and illumination
conditions as well as the frequency cut-off below which
SLRs are not found; these properties of SLRs are not
easily understood without an appreciation of the SLM
dispersion relations.
The manuscript is organized as follows. In section II we
introduce the multipolar model. In section III we present
resonance spectrum for illumination along lattice symme-
try direction. In sec. IV we find the dispersion relations
of the SLMs. In section V we propose a simplified model
of the dispersion relations and we link it to the proper-
ties of SLRs in section VI. In section VII we analyse the
sensitivity of SLRs to the direction and polarization of
light. In section VIII we discuss the direct coupling to
SLMs. We conclude in section IX.
II. MULTIPOLAR MODEL
A. Isolated sphere
As an example of typical nanoparticles we consider
gold spheres of radius r = 100nm. Adopting the op-
tical constants of Johnson and Christy,42 and assuming
the nanoparticles are embedded in a medium with in-
dex of refraction n = 1.45, we find from Mie theory43
that the extinction of an isolated sphere illuminated by
a plane wave is dominated by scattering at wavelengths
above 600nm (see Fig. 1). The main contribution to ex-
tinction comes from the electric dipole and the electric
quadrupole moment, while the magnetic dipole moment
gives only a small non-resonant contribution; see Fig. 1.
Nevertheless, the magnetic dipole moment formally en-
ters the multipole expansion at the same level as electric
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FIG. 1. Extinction cross section of an isolated sphere and
contributions from multipoles: ED - electric dipole, MD -
magnetic dipole, EQ - electric quadrupole, OC - electric oc-
tupole. Dotted line shows the total absorption cross section.
quadrupole,44 and it is important in describing the col-
lective effects in radiation from a lattice of spheres, as we
shall show. We thus develop a description including the
electric dipole, magnetic dipole, and electric quadrupole
moments of the spheres. We refer to this as the multipo-
lar model.
While Mie theory is usually derived in the context of a
plane-wave illumination,8,13,14,23,45 even for an arbitrary
incident field the Mie polarizabilities relate the multipole
moments to electromagnetic fields and their gradients at
the center of the sphere.46 We consider a response of a
sphere to electromagnetic fields of the form
Einc(r, t) = Einc(r)e−iωt + c.c, (1)
Binc(r, t) = Binc(r)e−iωt + c.c, (2)
where Einc(r) in general need not be a plane wave. In
what follows we choose to work with multipole moments
defined in Cartesian basis. We identify the electric dipole
moment p, magnetic dipole moment m, and electric
quadrupole moment
↔
q as Cartesian versions of the full
multipole coefficients, defined in terms of integrals of the
charge and current distribution taken with the spherical
Bessel functions; these moments describe all the radiation
pattern with the polarity up to the electric quadrupole
level.47 Writing Einc = Einc(0), etc., we have for an iso-
lated sphere at the origin of coordinates,
p = α¯pEEinc, (3)
m = α¯mBBinc, (4)
↔
q = α¯qF
↔
F inc, (5)
where the dyadic Fij =
1
2 (∂Ej/∂xi + ∂Ei/∂xj) is the
symmetrized gradient of the electric field, and the Mie
3polarizabilities are given by14,23,45
α¯pE = −
i
(ω˜n)3
4πǫ0n
2Be1 , (6)
α¯mB = −
i
(ω˜n)3
4πǫ0c
2Bm1 , (7)
α¯qF = −
1
(ω˜n)5
24πǫ0n
2Be2 , (8)
where ω˜ = ω/c, and Bel , B
m
l are the amplitudes of the
associated partial waves.43 The polarizabilities as defined
in (6-8) involve contributions that give rise to the radia-
tive damping. To see the energy balance in the system
more explicitly we find it more convenient to work with
proper polarizabilities, the inverses of which are given by
(
αpE
)−1
=
(
α¯pE
)−1
+
i(ω˜n)3
6πǫ0n2
, (9)
(
αmB
)−1
=
(
α¯mB
)−1
+
i(ω˜n)3
6πǫ0c2
, (10)
(
αqE
)−1
=
(
α¯qE
)−1
+
i(ω˜n)5
20πǫ0n2
, (11)
where the terms i(ω˜n)3p/(6πǫ0n
2), i(ω˜n)3m/(6πǫ0c
2),
and i(ω˜n)5
↔
q /(20πǫ0n
2) are the radiation reaction fields
associated with each multipole.39 Identifying the sum of
each incident field and the associated radiation reaction
field,
E′ = Einc +
i(ω˜n)3
6πǫ0n2
p, (12)
B′ = Binc + i
(ω˜n)3
6πǫ0c2
m, (13)
↔
F ′ =
↔
F inc + i
(ω˜n)5
20πǫ0n2
↔
q , (14)
the response of an isolated sphere to fields at frequency
ω is given in terms of the proper polarizabilities by
p = αpEE′, (15)
m = αmBB′, (16)
↔
q = αqF
↔
F ′. (17)
B. 2D triangular lattice
We now consider a triangular array of these spheres as
sketched in Fig. 2, with the basis lattice vectors of length
|a1| = |a2| = 475nm. The centers of the spheres are
taken to lie in the z = 0 plane; in this plane we label the
coordinates by R = (x, y), and we write the coordinates
of the centers of the spheres asRn = (xn, yn) where n =
(n1, n2) is a vector of integers indexing the lattice sites
along the basis vectors, Rn = n1a1 + n2a2. We assume
the spheres are illuminated by a plane electromagnetic
FIG. 2. Illumination conditions and reciprocal lattice. The
incident wave vector is v+, the angle of incidence is θ0, and
the lattice vectors are a1, a2. The reciprocal lattice, indicated
by squares, is spanned by the basis vectors (10) and (01); we
also indicate the reciprocal vector (11) explicitly. The black
continuous and dashed lines in the diagram of the reciprocal
lattice are the boundaries of the first and the second Brillouin
zone respectively.
wave with wave vector v+ = κ0 +w0zˆ, v+ · v+ = (ω˜n)
2,
Einc(r) = Einceiκ0·Reiw0z, (18)
Binc(r) = Binceiκ0·Reiw0z, (19)
where κ0 is the in-plane component of the incident wave
vector, |κ0| = ω˜nsinθ0, θ0 is the angle of incidence, and
w0 =
√
(ω˜n)2 − κ20 > 0.
For this excitation, the induced multipole moments at
the lattice site Rn, (pn,mn,
↔
q n), are related to those
at the origin, (p,m,
↔
q ), by
pn = e
iκ0·Rnp, (20)
mn = e
iκ0·Rnm, (21)
↔
q n = e
iκ0·Rn↔q , (22)
and so the scattering problem can be formulated in terms
of p,m,
↔
q only. We have
p = αpEEtot, (23)
m = αmBBtot, (24)
↔
q = αqF
↔
F tot, (25)
where Etot,Btot and
↔
F tot are sums of the incident fields,
the radiation reaction fields of the sphere at the origin,
and the fields radiated from all the other multipoles in
an array,
Etot = Einc +
↔
G
Ep · p+
↔
G
Em ·m+
↔
G
Eq :
↔
q , (26)
Btot = Binc +
↔
G
Bp · p+
↔
G
Bm ·m+
↔
G
Bq :
↔
q , (27)
↔
F tot =
↔
F inc +
↔
G
Fp · p+
↔
G
Fm ·m+
↔
G
Fq :
↔
q , (28)
and we refer to the
↔
G ’s as the “periodic Green functions”
4of the array.39 For example,
↔
G
Ep · p = lim
z→0
∑
n 6=(0,0)
eiκ0·Rn
↔
g Ep(−Rn + zzˆ) · p
+
i(ω˜n)3
6πǫ0n2
p, (29)
specifies the electric field at the origin from the electric
dipoles at all the other lattice sites, together with the
radiation reaction field from the dipole at the origin; the
dyadic
↔
g Ep(r) in the definition (29) is the usual free-
space dyadic, where
↔
g Ep(r) · p gives the electric field
at r due to an electric dipole p located at the origin.
The other terms,
↔
G Bm · m and
↔
G Fq :
↔
q respectively,
give the magnetic field at the origin from the magnetic
dipoles at all the other lattice sites together with the ra-
diation reaction field from magnetic dipole at the origin,
and the symmetrized field gradient at the origin due to
the electric quadrupoles at all the other lattice sites to-
gether with the radiation reaction from quadrupole at
the origin. All the remaining periodic Green functions
are defined as sums of fields at origin from corresponding
multipoles at other lattice sites, but do not involve radi-
ation reaction terms; all the periodic Green functions are
implicit functions of κ0 and ω.
We evaluate the periodic Green function dyadics that
enter eqs. (26-28) using a method developed earlier.39
The method gives exact expressions for the radiative con-
tributions to the periodic Green functions, which are
responsible for establishing the energy balance of the
system, and expressions for the non-radiative contribu-
tions in a form of rapidly converging sums that can be
numerically evaluated. Each periodic Green function
involves Fourier contributions associated with each of
the reciprocal lattice vectors K, with non-analyticities
as a function of κ0 associated with the appearance
of each new diffracted order; these occur when ω˜n =
|κ0 +K|. Singular behavior in the dyadics as func-
tions of κ0 arises because of their dependence, for all K,
on
[
ω˜2n2 − (κ0 +K)
2
]−1/2
. Terms of this nature arise
from the confinement of the radiating multipole moments
to a plane, and they play a dominant role in the forma-
tion of SLRs and the modes associated with them.8,17
Equations (23-25) take a particularly simple form for
an incident plane wave with wave vector component in
the plane of the lattice, κ0, lying along one of the two
symmetry directions of the lattice. These two excitation
scenarios correspond to κ0 in the direction of κˆa or in
the direction of κˆb; see Fig. 2. Note that for the first
direction the wave vector κ0 is aligned with one of the
lattice vectors, while in the second it is aligned with one
of the reciprocal lattice vectors. For κ0 along either of
these directions the self-consistent equations (23-25) de-
couple into two independent sets of equations. We con-
sider the specific form that these equations take for s-
and p-polarized incident light. We define the s- and p-
polarization amplitudes in a usual way,
Einc = Eincs sˆ+ E
inc
p pˆ+, (30)
where for a plane wave with an in-plane wave vector com-
ponent κ we define the polarization vectors in general as
sˆ = κˆ× zˆ, (31)
pˆ± = (ω˜n)
−1 [κzˆ ∓ wκˆ] , (32)
with w =
√
(ω˜n)2 − κ2, Im(w) > 0, but for use in (30)
and the following equations in this paragraph we take
κ = κ0 in (31,32). For s-polarized incident light and κ0
along either the direction κˆa or κˆb, the equations (23-25)
reduce to the form
S

 psmz
qκs

 =

 EincsBincz
F incκs

 , (33)
and
S
′
(
mκ
qsz
)
=
(
Bincκ
F incsz
)
, (34)
where expressions for the matrices S and S′ are given in
the Appendix A; their elements take on different values
depending on whether κˆ0 = κˆa or κˆ0 = κˆb. Similarly for
p-polarized light the equations reduce to
P

 pκqκκ
qss

 =

 EincκF incκκ
0

 , (35)
and
P
′

 pzms
qκz

 =

 EinczBincs
F incκz

 , (36)
where expressions for the matrices P and P′ are given in
the Appendix A; again their elements take on different
values depending on whether κˆ0 = κˆa or κˆ0 = κˆb
Once the multipole moments p,m,
↔
q are found, we
calculate the electromagnetic fields radiated by an array
using the Green function formalism for s- and p-polarized
light.39,48 Introducing the Fourier transform of a function
O(r) in the x,y plane,
O(r) =
∫
dκ
(2π)2
O(κ, z)eiκ·R, (37)
the electric field scattered by the array,Esc(κ, z), is given
by
Esc(κ, z) =
(2π)2
Ac
∑
n
δ(κ − κn)f
E(κ, z), (38)
where Ac is the area of a unit cell, and n here and hence-
forth indicates a vector of integers indicating directions
5in reciprocal space; earlier, at the start of this section, we
had used it to indicate directions in real space. We indi-
cate the reciprocal lattice vector identified by n as Kn,
and write κn = κ0 +Kn for translation of the compo-
nent of the incident wave vector in the lattice plane, κ0,
by the reciprocal lattice vector Kn. The vector f
E(κ, z)
is defined as
fE(κ, z) =
↔
g Ep(κ, z) · p+
↔
g Em(κ, z) ·m
+
↔
g Eq(κ, z) :
↔
q , (39)
where
↔
g Ep(κ, z),
↔
g Em(κ, z) and
↔
g Eq(κ, z) are the
Fourier transforms in the plane of the array of the usual
free-space Green functions dyadics
↔
g Ep(r),
↔
g Em(r), and
↔
g Eq(r).39 The expressions for the reflection and trans-
mission of an array immediately follow from the expres-
sions for the incident electric field (18) and the field scat-
tered by an array (38),
R =
∑
n∀|κn|<ω˜n
Rn, (40)
T =
∑
n∀|κn|<ω˜n
Tn, (41)
where the functions
Rn =
1
|Einc|2
wn
w0
∣∣∣∣ 1Ac fE(κn, 0−)
∣∣∣∣
2
, (42)
Tn =
1
|Einc|2
wn
w0
∣∣∣∣ 1Ac fE(κn, 0+)
∣∣∣∣
2
+
[
1 +
2
Ac
Re
(
Einc
)∗
· fE(κ0, 0+)
|Einc|2
]
δn,0, (43)
describe the contribution to reflection and transmis-
sion from a beam diffracted at an angle θn =
sin−1 [|κn|/(ω˜n)] with respect to the normal, the spec-
ular reflection and transmission are the components
Rspec = R0 and Tspec = T0 respectively, and we identified
wn =
√
(ω˜n)2 − κ2
n
, Imwn > 0, as the z-component of a
wave vector with the in-plane component κn.
III. RESONANCE SPECTRUM AND THE
MULTIPOLAR COUPLINGS
The radiation spectrum of an array of emitters depends
on the properties of an isolated emitter as well as on
the collective radiative interaction between emitters on
a lattice. The collective interactions are especially pro-
nounced at wavelengths close to the onset of diffraction,
in the vicinity of which narrow and asymmetric surface-
lattice resonances (SLRs) are observed.3–6 When the op-
tical response of the system is dominated by one mul-
tipole moment,7,8,12 or the multipole moments can be
treated as independent,9,13,14 the analysis of SLRs can
be greatly simplified by introducing an effective polariz-
ability of an array that incorporates both the single par-
ticle and the collective interactions. When the coupling
between the multipole moments cannot be neglected, the
analysis becomes more complicated.
Here we analyze the SLRs with the multipolar model
(23-25), including electric dipole, magnetic dipole, and
electric quadrupole moments. For different excitation
geometries we consider angle scans at fixed frequencies
rather than considering the more usual frequency depen-
dence of the resonant spectrum.7,8,10,13,14 This allows us
to distinguish more clearly between the single emitter and
the collective characteristics of the resonance spectrum;
the polarizability of an isolated emitter for a chosen il-
lumination scenario depends only on the wavelength of
light, and thus the resonances observed when varying the
incidence angle are driven by collective effects that are
described by variations in the periodic Green functions.
For an arbitrary direction of κ0 the behavior of the
specularly reflected and transmitted light, and that of
the diffracted light, can be very complicated. To focus
on the underlying physics, in this section and the fol-
lowing three we consider s-polarized light incident along
the first symmetry direction of the lattice, κ0 ∝ κˆa. For
light incident along this direction multipole moments are
given by the decoupled set of equations (33-34). This
simplifies the description of the system, but the scenario
is still rich enough to exhibit SLRs associated with both
the dipole moments and the higher order moments of the
spheres. While a decoupled set of equations also holds for
light incident along the other symmetry direction of the
lattice, κ0 ∝ κˆb, in that direction the response is more
one-dimensional in nature, as we see in detail in section
VIII; in the direction κ0 ∝ κˆa the two-dimensional na-
ture of the lattice plays a central role in the behavior of
the SLRs and the dispersion relations of modes associ-
ated with them, as we see in this section and the next.
The extension to more general directions of the incident
light, and to p-polarized light, is discussed in section VII.
First we discuss the range of wavelengths that we will
consider. We identify a “light line” as the condition
ω˜ = κ0/n, characterizing light propagating parallel to
the plane of the array. This is plotted in Fig. 3, where
the part of the plane to the left of the light line is ac-
cessible to incident light. For κ0 in the direction of κˆa,
the first of the diffracted orders to appear as the angle of
incidence is increased are (10) and (11) (see Fig. 2), oc-
curring at angles θ(10) and θ(11) that satisfy the Rayleigh
condition with K =K(10) and K =K(11) respectively,
|κˆaω˜nsinθ(10) +K(10)| = ω˜n, (44)
|κˆaω˜nsinθ(11) +K(11)| = ω˜n. (45)
We note that due to symmetry the angles satisfy θ(10) =
θ(11) ≡ θR. The incident angle at which this occurs de-
pends on the wavelength of incident light, and is iden-
tified in Fig. 3 by the “Rayleigh line”, defined as the
set of points (κ0, ω˜) such that κ0 = ω˜nsinθR. For fixed
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FIG. 3. The light line (red) and the Rayleigh line (black) for
light incident with wave vector component in the plane κ0 in
the direction κˆa. The shading indicates the incident plane
waves, specified by (κ0, ω˜), for which diffraction is possible.
We consider resonance spectra in frequency range restricted
by the two dotted lines.
wavelength, as the angle of incidence is increased and
the Rayleigh line is crossed, the periodic Green functions
exhibit singular behaviour. At the Rayleigh line the spec-
ular reflection typically, but not always, vanishes. In the
standard theory of diffraction from gratings, that kind
of behaviour at the onset of diffraction is referred to as
a “Rayleigh anomaly”,49,50 and we adopt that notation
here. For large enough wavelengths, where the Rayleigh
line is to the right of the light line, no diffraction is pos-
sible; the cut-off for our system is at the wavelength
λgz ≈ 1033nm (ω˜gz ≡ 2π/λgz), where the diffraction
would only arise at grazing incidence, with θR = 90
0. At
λnr ≈ 596nm (ω˜nr ≡ 2π/λnr) diffraction occurs at nor-
mal incidence, κ0 = 0 and θR = 0. We consider the range
of wavelengths between λnr and λgz; here and through-
out the paper the wavelengths we refer to are vacuum
wavelengths.
Although the intensity of the diffracted light shows no
clear resonances in this range, the specularly reflected
light exhibits one or two SLRs at angles of incidence less
than the angle of the Rayleigh line, θ < θR; see Fig. 4.
To identify how the two independent sets of multipole
moments (33,34) contribute to the SLRs, we compare
the contributions they make to the specular reflectivity.
These are shown in Fig. 5 for a narrow angular scan at
λ = 750nm, and we see that each of the resonances can
be associated with one of two sets of moments: a broad
peak is associated with the resonance for the multipole
moments (ps,mz, qκs) given by eq. (33), while the very
narrow peak is associated with the higher order multi-
poles (mκ, qsz) given by eq. (34). We shall see that, as
expected, the electric dipole makes the largest contribu-
tion to the first, and so we call it the dipolar SLR; the
second we call the multipolar SLR. The resonant peaks
at other wavelengths can also be clearly identified with
the sets of multipoles: the peak at 650nm, for example,
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FIG. 4. Resonant structure of the specular reflection for s-
polarized light and κ0 ∝ κˆa. Arrows identify the angles at
which the Rayleigh line is crossed and diffraction appears.
Plots are shifted by 1 to improve clarity.
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FIG. 5. Total specular reflection at λ = 750nm (continu-
ous line) and the contributions from the two sets of multipole
moments (dashed lines); the dotted lines show the SLMs sup-
ported by the the array. The arrow indicates an angle at
which the Rayleigh line is crossed.
is a multipolar SLR while the broad peak at 900nm is a
dipolar SLR.
Before considering the physics of these resonances, we
confirm that the multipolar model (23-25) describes the
optical response of the array correctly. We have com-
pared the multipolar model results with an essentially
exact numerical treatment, obtained using the layer-
multipole scattering method,28 for wavelengths in the
range λnr to λgz and with scans over all incident an-
gles. We find that our multipolar model captures all the
resonances that appear in the exact numerical calcula-
tion. To show the degree of agreement in describing each
of the resonances, in Fig. 6 we compare the multipolar
model result at λ = 750nm with an exact treatment.28
Note that the multipolar model gives an excellent de-
scription of the dipolar SLRs associated with the set of
equations (33), and a good description of the multipolar
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FIG. 6. Comparison of the total reflectivity predicted by
the multipolar model, which includes multipole contribu-
tions from the electric and magnetic dipoles and the electric
quadrupole, with the exact result obtained from the layered-
multipole scattering method.
SLRs associated with the set of equations (34). At large
wavelengths – λ ≈ 805nm within the multipolar model
and λ ≈ 785nm in the exact calculation – the multipolar
SLR merges with the Rayleigh anomaly and we observe
a kink in reflectivity at θ = θR rather than a SLR. The
model thus correctly predicts the disappearance of the
SLR, but there are some discrepancies between the ex-
act calculation and the multipolar model in the descrip-
tion of set (34) close to the Rayleigh anomaly at long
wavelengths. Nevertheless, even close to the anomaly the
model correctly identifies the leading correction to each
SLR beyond the simplest description with each SLR ap-
proximated by a response from one dominant multipole
only. This point we discuss in detail below.
With the validity of truncating the multipole expan-
sion at the level of the magnetic dipole and electric
quadrupole confirmed for λ . 800nm, we now investi-
gate whether the description can be further simplified
by approximating each set of multipole moments (33,34)
by one dominant moment. Taking into consideration the
dominant character of the electric dipole at long wave-
lengths, we might expect the electric dipole to make the
dominant contribution to the resonances associated with
the set of moments (33). Similarly, because of the negli-
gible magnetic dipole response of an isolated sphere, we
might expect that the inclusion of the magnetic dipole
in the set (34) would lead to negligible effects. We shall
see below that the first of these expectations is confirmed
over a wide range of wavelengths, but the second is not.
We compare the total contribution to the specular
reflection from the (ps,mz, qκs) set with the reflection
calculated within the electric dipole approximation; see
Fig. 7. We see that the dipole approximation is accurate
for broad peaks observed at small wavelengths. At large
wavelengths, λ ≈ 900nm, we observe that the inclusion
of higher multipoles leads to some shift of the resonance
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FIG. 7. The contribution to specular reflection from the set
(33), compared with the contribution from the electric dipole
only. Arrows identify the angles at which the Rayleigh line is
crossed and diffraction appears.
towards the Rayleigh anomaly and to a non-zero reflec-
tivity at θ = θR; we will refer to the non-zero value of
the reflectivity at the onset of diffraction as the suppres-
sion of the anomaly. Finally, we note that the range
of wavelengths over which the resonance is observed is
only weakly affected by the coupling of the dipole to the
higher multipoles. Both within the full multipolar model
and within the dipole approximation the SLR disappears
at a cut-off wavelength λcf close to wavelength at which
the Rayleigh line moves to the right of the light line in
Fig. 3, λcf ≈ λgz; the difference in λcf within both ap-
proximations is of the order of few nanometers.
Next we compare the contribution to the specular re-
flection from the set (mκ, qsz) with that of the electric
quadrupole qsz only, see Fig. 8. Again we observe that
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FIG. 8. The contribution to specular reflection from the
set (34), compared with the contribution from the electric
quadrupole only. Arrows indicate the angle at which the
Rayleigh line is crossed and diffraction appears.
8the inclusion of the magnetic response leads to a shift
of the resonance and to the suppression of the Rayleigh
anomaly, but this time the changes are much more pro-
nounced and are significant over the whole range of wave-
lengths we consider. We also note that the coupling to
the magnetic dipole significantly affects the wavelengths
over which the multipolar SLR is observed; if the mag-
netic response of the sphere were neglected, the merging
of the SLR with the Rayleigh anomaly would not occur
and the SLR would be found for all wavelengths λ . λgz.
Thus we see that even when there is a clearly dominant
multipole moment, as for the set (ps,mz, qκs), the inclu-
sion of other moments can lead to a change in the shape
of the SLR and the suppression of the Rayleigh anomaly.
And for the set (mκ, qsz), where one might expect the
quadrupole moment to be dominant because of the small
and non-resonant response of the magnetic dipole mo-
ment of an isolated sphere at these wavelengths, the in-
clusion of the magnetic dipole not only suppresses the
Rayleigh anomaly, but significantly modifies the shape
and the position of the SLR. To understand these fea-
tures we first turn to a characterization of the SLRs as
the excitation of effective modes of the array.
IV. SURFACE-LATTICE MODES
By way of background, consider first a simple planar
system, such as a thin metal film surrounded by a di-
electric with index of refraction n. Over a range of fre-
quencies the metal film will support long-range surface
plasmons.51,52 For a real frequency ω each possible long-
range surface plasmon is characterized by a wave vector
κ in the plane of the film. Because of absorption in the
metal the plasmons decay as they propagate, and the
corresponding wave vector κ is complex. The complex κ
identifies a pole in the appropriate response coefficient of
the structure, which very generally can be taken to iden-
tify the modes of a system. If absorption is neglected, κ
moves onto the real axis. But since the fields are evanes-
cent in the dielectric, |κ| > ω˜n, the excitation cannot be
accessed by an incident plane wave, for which |κ0| < ω˜n.
In practice, one way to couple into such an excitation is
with the aid of a grating structure.51,52 If the grating is
characterized by a wave vectorK such that κ ≈ κ0+K,
coupling can be achieved.
Returning to our lattice of spheres, we analyze SLRs
by considering the lattice as an effective planar struc-
ture plus a grating. With the neglect of loss, the SLRs
observed in the specular reflection correspond to the cou-
pling into modes of the structure, each characterized by a
wave vector κ and using one of the K of the lattice such
that |κ0 +K| = κ.
29–32. The strong coupling into the
mode and back into the specularly reflected light leads to
the large reflectivity. We refer to these modes as surface-
lattice modes (SLMs). No evidence of SLM appears in
the diffracted intensity, of course, since κ > ω˜n and at κ
there is no radiation into the dielectric.
The loss relevant here is due both to absorption in the
metal and to coupling through −K of the SLM back to
the incident wave vector κ0; the light at κ0 +K cou-
pled back at κ0 contributes to a loss of the SLM through
the increased specular reflectivity that signals its very
presence. So to identify a particular SLM in the lossless
limit we need to neglect the elements of the response as-
sociated with the absorption in the metal and with the
radiation at κ0, identify the response to the incident field
of the relevant combination of multipoles, and for each
frequency ω of interest identify the κ at which the re-
sponse diverges. The resulting function ω(κ) identifies
the dispersion relation of the SLM in the lossless limit,
what we call the “ideal” dispersion relation.
A. Energy balance
To construct these ideal dispersion relations the first
step is then to isolate the loss mechanisms. To clarify the
physics we first consider the energy balance in an array of
dipoles. Within the dipole approximation, the response
of an electric dipole to the incident field can be described
in terms of an effective polarizability of the array,2,7,10
p =
↔
α effEinc, where
(
↔
α eff
)−1
=
↔
α−1 −
↔
G
Ep, (46)
and where
↔
α = αpE
↔
U . The real part of the inverse effec-
tive polarizability (46) does not affect the energy balance
in the system.39,53 The imaginary part of the inverse po-
larizability of the sphere,
↔
α−1, determines the resonance
broadening due to the absorption losses. The imaginary
part of the periodic Green function identifies radiation
loss and is known in a closed form,39,53
Im
↔
G
Ep =
∑
n∀|κn|<ω˜n
Im
↔
G
Ep
n , (47)
where
Im
↔
G
Ep
n =
w2nκˆnκˆn + (ω˜n)
2sˆnsˆn + κ
2
nzˆzˆ
2Acǫ0n2wn
,
and we have put κˆn = κn/|κn|, sˆn = κˆn × zˆ. We note
that each of the terms Im
↔
G Ep
n
in the sum (47) accounts
for the radiation reaction associated with a diffracted
beam radiating at an angle θn = sin
−1 [|κn|/(ω˜n)]; see
eqs. (42,43).
These considerations generalize immediately to an
array described by a full set of multipole moments
(23-25). As in the dipole example, the imaginary
part of the inverse proper polarizabilities determine
the Ohmic losses. The radiative losses are determined
by the imaginary part of the periodic Green functions
↔
G Ep,
↔
G Bm,
↔
G Fq,
↔
G Em,
↔
G Bp, and by the real part of the
9Green functions
↔
G Eq,
↔
G Fp,
↔
G Bq,
↔
G Fm.39 The contribu-
tions to the periodic Green functions that describe radia-
tive losses are known in closed form,39 and in the pattern
of (47) are given by a Fourier sum over wave vectors κn,
|κn| < ω˜n, with the Fourier component at κn account-
ing for the radiation reaction associated with the beam
radiating at an angle θn.
B. Dispersion relations
With the channels for energy loss due to both absorp-
tion and radiation identified, we are in a position to find
the SLMs of the array in the lossless limit. For the illu-
mination conditions discussed in section III, the matrices
S and S′, eqs. (33-34), describe the response as a func-
tion of κ0, the in-plane component of the incident wave
vector. The divergences in the response, and thus the
modes, are associated with the vanishing of the determi-
nants of the matrices in the limit of no loss. We now
neglect absorption and radiation by dropping the imagi-
nary parts of the inverse proper polarizabilities and the
parts of the relevant Green functions associated with ra-
diation reaction. Writing the determinants of S and S′
in this limit as d(κ0) and d
′(κ0) respectively, we find
that these vanish for certain κ0. In general d(κ0) and
d′(κ0) are periodic functions over the Brillouin zone, so
any vanishing of determinant for κ0, |κ0| < ω˜n, is repli-
cated with the periodicity of the Brillouin zone over all
reciprocal space; thus each κ0 we associate with a SLM
at κn = κ0 +Kn, |κn| > ω˜n. Due to periodicity of the
system there is an ambiguity in the choice of Kn and
thus in the choice of κn. Out of all the possible recip-
rocal vectors we choose the Kn that corresponds to κn
closest to the light line, which for the parameter space
that we consider corresponds to κn in the second Bril-
louin zone. We now claim that even when absorption and
radiation are included, the SLRs can be understood as
arising from a coupling of the incident field at κ0 to the
SLM at κn and then coupling back to κ0 by the vector
−Kn. In Figure 5 we plot in dotted lines the location
of the divergence in d(κ0) that we find (associated with
the set of moments (ps,mz, qκs)), and the location of the
divergence in d′(κ0) that we find (associated with the
set of moments (mκ, qsz)). We see that there is excellent
agreement between the location of the divergences in the
lossless limit and the peaks that appear in the full cal-
culation, both for the scenario depicted in Fig. 5 and at
other wavelengths as well, justifying the physical picture
that we presented.
Because of a high symmetry of the illumination condi-
tions discussed in section III, the value of κ0 within the
light line where a divergence in d(κ0) or d
′(κ0) occurs is
in each case associated with two κ of equal magnitude
κ, κ(10) = κ0 +K(10) and κ(11) = κ0 +K(11), and thus
two SLMs. The scenario is sketched in reciprocal space
at a fixed ω in Fig. 9. The light circle is the set of κ for
which κ = ω˜n; the point on the light circle crossed when
FIG. 9. For a fixed ω, the SLMs at κ(10) = κ0 +K(10) and
κ(11) = κ0 +K(11). The solid blue line indicates the “light
circle”, the set of κ for which at chosen frequency κ = nω/c.
The dotted blue lines indicate the “Rayleigh circles”, which
are light circles centered at reciprocal lattice sites other than
that at the origin; diffraction associated with a particular K
occurs when κ0 crosses its Rayleigh circle.
moving in the direction of κˆ0 identifies the point on the
light line of Fig. 3 at the chosen frequency. The Rayleigh
circles are the circles of the same radius ω˜n centered at
the other reciprocal lattice sites. It is easy to confirm
that the light circle and the Rayleigh circles identify the
curves in reciprocal space where the periodic Green func-
tions undergo singular and, more generally, non-analytic
behavior, as discussed in section IIB. In Fig. 9, the first
point on a Rayleigh circle that is crossed when moving
through reciprocal space in the direction of κˆ0 identifies
the point on the Rayleigh line of Fig. 3 at the chosen fre-
quency. This point is identified in Fig. 9 as the “crossing
point” and is associated with (10) and (11) diffraction
orders due to the symmetry. The SLRs found in the
vicinity of the “crossing point” are associated with the
SLMs that would result were loss ignored; those modes
reside beyond the light circle as is indicated. For different
frequencies ω the value of κ = |κ(10)| = |κ(11)| associated
with the SLMs is different, and we can plot out the dis-
persion relation ω˜(κ). This is presented in Fig. 10, both
for the SLM associated with the dipolar SLR, and that
associated with the multipolar SLR.
The dispersion relations are what one would expect
for those characterizing excitations bound to a surface or
thin film, in that at lower wave numbers they are close to
the light line, and they pull away at higher wave numbers.
What is novel is their termination. The multipolar SLM
terminates at a finite frequency on the light line, while
the dipolar SLM terminates at a lower frequency away
from the light line.
We can understand the termination of the dipolar SLM
with the aid of the shaded region in Fig. 10. At each ω it
identifies the magnitudes κ = |κ| of the wave vectors κ,
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lations are indicated by circles.
which (a) are of the form κ = κ0κˆa+K whereK =K(10)
or K = K(11) (b) are beyond the light line but within
the second Brillouin zone, and (c) for which the periodic
Green functions remain analytic, which is to say that
the light circle and the Rayleigh circles are avoided. In
general, the wave vectors on the Rayleigh circles can be
excited with or without the help of the grating. The
wave vectors on the Rayleigh circle that can be excited
without the help of the grating are of the form κ = κ0,
for example the crossing point in Fig. 9, and they identify
a point on the Rayleigh line of Fig. 3. The wave vectors
on the Rayleigh circles that are excited with the help
of the grating are of the form κ = ω˜nκˆa + K, where
K =K(10) orK =K(11); see for example Fig. 11, drawn
for a lower frequency than Fig. 9. These wave vectors
identify the onset of diffraction, and can thus be taken
to define a new Rayleigh line that we plot in Fig. 10 as
a dashed line; due to the symmetry at each frequency
there are two such wave vectors of equal magnitude. In
consideration of the SLMs it is the Rayleigh line of Fig. 10
that is important. Below ω˜gz this Rayleigh line restricts
the shaded area in Fig. 10. When the dispersion relation
of the SLM meets this Rayleigh line, at ω˜cf, the singular
change in the Green functions terminates the SLM. The
situation in reciprocal space at this frequency is depicted
in Fig. 11, where each SLM falls precisely on the Rayleigh
circle of a reciprocal lattice vector. We note that were the
magnetic dipole neglected there would be a small change
of the dipolar dispersion relation, resulting in a small
change in the cut-off frequency; however, the underlying
description of the SLM termination would remain the
same.
The inclusion of magnetic response in the description
of multipolar SLM, on the other hand, changes the cut-
off frequency from a value just below ωgz to a value sig-
nificantly above it; see Fig. 10. This dramatic change
in cut-off frequency of the multipolar SLM cannot be
identified with simple features of the reciprocal lattice
FIG. 11. Scenario in the reciprocal lattice at the cut-off fre-
quency ωcf. The SLM wave vector κ = ω˜cfnκˆa + K, for
K =K(10) or K =K(11), resides on a Rayleigh circle.
geometry, as could the location of the cut-off frequency
of the dipolar SLM. To understand the termination of
the multipolar SLM, for which the coupling between the
magnetic dipole and electric quadrupole terms plays an
important role, and to understand in more detail how
the singular change in the Green function terminates the
dipolar SLM, it is useful to develop a simplified model
for the SLMs based on expansions of the periodic Green
functions.
V. SIMPLIFIED MODEL
With the neglect of loss due to absorption or diffrac-
tion, each SLM we have identified involves a set of wave
vectors, each wave vector in the set differing from an-
other in the set by a translation over a reciprocal lattice.
For much of the parameter space considered in the last
section, at least one wave vector in the set lies close to
the light line, and we considered the dispersion relation
of the SLM associated with it. In the vicinity of the
light line periodic Green functions can diverge, and it is
this divergent behaviour that plays a dominant role in
how the dispersion relation of the SLM is established. In
this section we establish a simplified model for the SLMs
based on isolating the divergent contribution.
We begin by considering the dispersion relation of the
dipolar SLM. For simplicity we neglect the contribution
to the dipolar SLM from the electric quadrupole mo-
ment of the spheres, as the corrections beyond the electric
dipole approximation come mainly from the magnetic re-
sponse. In the absence of the quadrupole terms eq. (33)
reduces to
Spm
(
ps
mz
)
=
(
Einc,s
Binc,z
)
, (48)
11
where the matrix Spm is given by,
Spm =
( (
αpE
)−1
− GEPss −G
EM
sz
−GBPzs
(
αmB
)−1
− GBMzz
)
. (49)
and the components of the dyadics and vectors are writ-
ten in the (sˆ, κˆ, zˆ) basis associated with the incident
light, that is here κˆ = κˆ0, etc. To evaluate the peri-
odic Green functions in an approximate way that respects
the important physics, we note that each periodic Green
function has a contribution from a Fourier sum that in-
cludes components at each κn = κ0 +K. Each of these
components can diverge as w−1n =
(
(ω˜n)2 − κ2n
)−1/2
for
κn close to the light-line. Looking at the scenario shown
in Fig. 9, for κ0 close to the SLR we have κ(10) and κ(11)
close to the light-line; we treat these Fourier components
separately. Due to symmetry w(10) = w(11) ≡ wR, where
wR is a function of two independent variables κ0 and ω˜,
and the Fourier components at κ(10) and κ(11) diverge as
w−1R ; the next term in an expansion of these Fourier com-
ponents in powers of wR is of order wR, and we neglect
it. The remaining Fourier components and the contribu-
tion from the multipoles at the origin are analytic in wR
as wR → 0, and the leading non-vanishing terms are of
order w0R; we keep only this order and denote the sum
of all such terms in the periodic Green functions as G˜EPss ,
G˜EMsz , etc. We then use these approximate expressions
to identify the singular and the leading analytic terms
in wR as wR → 0 for each of the three independent el-
ements of the matrix Spm, eq. (49), taken in the limit
of no loss. The analytic contributions are given by the
functions independent of wR,
β−1p ≡ Re
(
αpE
)−1
− G˜EPss , (50)
β−1m ≡ Re
(
αmB
)−1
− G˜BMzz , (51)
β−1cp ≡ G˜
EM
sz = −G˜
BP
zs . (52)
We denote the singular contribution to the electric dipole
Green function as
Gsng = Re
i
ǫ0n2
(ω˜n)2 −K2s
AcwR
, (53)
where Ks = |K(10) · sˆ| = |K(11) · sˆ|. The singular con-
tributions to the other Green function terms differ from
Gsng by a factor η,
η =
n
c
ω˜n√
(ω˜n)2 −K2s
.
We can treat the β’s as “dressed” polarizabilities of a
sphere on a lattice in the absence of absorption and radi-
ation losses, since they do not diverge at the onset of the
Rayleigh anomalies and they depend on frequency only.
However, even if the αpE and αmB are to good approxi-
mation Lorentzian functions of frequency, in general βp,
βm, and of course βcp will not be Lorentzian, due to the
frequency dependence of the Green function terms. Nev-
ertheless, the frequency dependence of the β coefficients
identifies the SLM dispersion relation, as we now show.
SLMs are identified by wave vectors κ at which, with
absorption and diffraction neglected, the determinant of
the matrix (49) vanishes. Within the dipole approxima-
tion the condition for SLM is given by
βpGsng = 1. (54)
When the coupling to magnetic dipole is included, the
determinant of the matrix Spm (here taken in the ab-
sence of loss) is quadratic in periodic Green functions.
Nevertheless, a cancellation of terms that are quadratic
in Gsng results in a condition for SLM of the same form
as before,
βpmGsng = 1, (55)
but with a dressed polarizability renormalized by the cou-
pling to magnetic dipole. Here β−1pm ≡ β
−1
p + ∆β , where
the correction due to the coupling is given by
∆β =
(ηβ−1p − β
−1
cp )
2
2ηβ−1cp − η2β
−1
p − β
−1
m
. (56)
Using eq. (53) in (54,55) we solve for the value of i−1wR
that satisfies the SLM condition respectively in the dipole
approximation and when the magnetic dipole is taken
into account; the solution characterizes the distance of
the SLM at κ = κ(10) and κ = κ(11) in each of the
approximations from the light-line. We find that this
quantity is proportional to the dressed polarizability β,
1
i
wR =
1
ǫ0
(ω˜n)2 −K2s
n2Ac
β, (57)
with and without the coupling to magnetic dipole in-
cluded, where respectively β = βpm and β = βp. From
eq. (57) it follows that the SLM merges with the light-
line when β vanishes.
We note if αpE is well approximated by a Lorentizan,(
αpE
)−1
≈ A(ω20 − ω
2)− iΓ, the inverse dressed polariz-
ability in the dipole approximation with loss neglected is
of the form
β−1p = A(ω
2
0 − ω
2)− G˜EPss . (58)
The resulting polarizability βp does not vanish, and so
from (57) we see there is a finite distance of the SLM
to the light line within the dipole approximation, and no
termination of the SLM. However, when the coupling to
the magnetic dipole is included, the polarizability βpm
vanishes when the correction (56) diverges. This is con-
firmed by the plots in Fig. 12 for our system, where in-
deed βp is finite while βpm vanishes at a frequency we
label ωv; see the inset. As the frequency is lowered, one
might then expect that at ωv the normal SLM dispersion
relation would reach the light line and the SLM would
terminate.
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FIG. 12. Dispersion relations found within the multipolar
model (continuous lines) and within the simplified model
(dashed lines). Insets show the “dressed” polarizabilities of
the dipolar (left) and multipolar (right) SLMs with and with-
out the coupling to magnetic dipole. When the coupling is
included, the polarizabilities vanish at ω˜v and ω˜
′
v respectively.
Yet this scenario is pre-empted by the fact that at a
frequency ωcf > ωv the position of the SLM reaches the
Rayleigh circle, as discussed above (see Fig. 11), and as
the Rayleigh circle is approached a new singular contribu-
tion to the periodic Green functions becomes important.
When loss and the radiative contributions to the periodic
Green function are ignored, this term vanishes until the
Rayleigh circle is crossed, but it gives a divergent contri-
bution at the crossing. This additional singular contri-
bution to the Green function results in the vanishing of
the SLM, which beyond the Rayleigh circle is no longer
described by the simplified dispersion relations presented
above, where only one singular term was taken into ac-
count.
The situation for the multipolar SLM is completely
different, although a similar analysis can be applied. We
introduce “dressed” polarizabilties that describe the lead-
ing analytic contributions to the three independent ele-
ments of matrix S′ taken in the limit of no loss,
β′−1q ≡ Re
(
αqF
)−1
− 2G˜Fqszsz ,
β′−1m ≡ Re
(
αmB
)−1
− G˜Bmκκ ,
β′−1cp ≡ G˜
Bq
κsz = −G˜
Fm
szκ, (59)
where G˜Fqszsz , G˜
Bm
κκ , etc. denote the leading analytic con-
tributions to periodic Green functions. The singular con-
tribution to the quadrupole Green function we denote as
G′sng = Re
i
ǫ0n2
(ω˜n)2K2s
4AcwR
, (60)
with the singular contributions to other Green functions
differing by a parameter η′ = 1/(ω˜c). In this notation
the condition for the SLMs is given by
1
i
wR =
1
ǫ0n2
(ω˜n)2K2s
2Ac
β′, (61)
where β′ = β′q when the coupling to magnetic dipole
is neglected, and β′ = β′qm when magnetic dipole is in
included in the description; again, i−1wR characterizes
the distance of the SLM dispersion relation from the light
line. The quadrupole dressed polarizability renormalized
by the coupling is given by
β′−1qm = β
′−1
q +∆
′
qm, (62)
with the correction
∆′qm =
(
η′β′−1q − β
′−1
cp
)2
2η′β′−1cp − η′2β
′−1
q −
1
2β
′−1
m
. (63)
As in our discussion of the dipolar SLM, we find that
when the SLM is approximated by one dominant mul-
tipole (here the electric quadrupole), the dressed polar-
izability does not vanish, β′q 6= 0; thus were only this
multipole present there would be no termination of the
SLM dispersion. However, when the coupling to the mag-
netic dipole is included the renormalized dressed polar-
izability β′qm vanishes at a frequency ω
′
v; here ω
′
v > ωcf,
and so the merging of the SLM dispersion relation with
the light light is not pre-empted by the presence of a
Rayleigh circle, and the dispersion relation terminates at
ω′v, as shown by the green circle in Fig. 10.
We emphasize that the frequency at which the multipo-
lar SLM vanishes, ω′v, strongly depends on all the details
of the system, including both the lattice geometry and
the polarizabilities of the spheres. This is in contrast to
the situation for the dipolar SLM, which terminates be-
fore its dispersion relation reaches the light line. There
the frequency at which the SLM vanishes, ωcf, depends
mostly on the geometry of the reciprocal lattice which de-
termines the Rayleigh anomaly line associated with the
SLM of Fig. 10.
VI. SURFACE-LATTICE MODES AND THE
SENSITIVITY OF SLRS TO NON-RESONANT
MULTIPOLES
We have shown that the SLM dispersion relations iden-
tify the position of the SLRs and the range of frequencies
over which they exist. Now we show that the sensitiv-
ity of the SLRs to the inclusion of non-resonant magnetic
dipole in their description can be linked to the dispersion
relations as well. The link we provide is only approxi-
mate, but nevertheless it gives an insight into a large sen-
sitivity of the multipolar SLRs and of the dipolar SLRs
at long wavelengths.
Besides their position, the SLRs are also character-
ized by their widths, which are mostly restricted by the
rapid variations of the reflection close to the Rayleigh
line; see Figs. 7, 8. For SLRs that are well described
with the electric dipole approximation the reflection van-
ishes at the Rayleigh line, and the distance in reciprocal
space from the peak to the Rayleigh line can be taken
as an indication of the width.8 When the contribution
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from more than one multipole becomes important the
reflection at the Rayleigh line is in general finite, but
it decreases rapidly as κ0 moves beyond the line. Thus
quite generally we can take the reciprocal space distance
Γ = |κR − κSLR|, where κSLR is the wave vector of an
SLR and κR is the wave vector of the Rayleigh line, as
an indicator of the width of the SLR. Even though the
distance Γ gives only an approximate characterization of
the SLR profile, it has an advantage over more sophisti-
cated treatments in that it simultaneously identifies both
the width and the position of an SLR. We refer to it as
the “width parameter”, and a straight-forward calcula-
tion shows that it can be related to the wave vector of the
SLM, κSLM = κSLR +Kn with n = (1, 0) or n = (1, 1),
by
Γ = d

 κSLM + ω˜n√
κ2SLM −K
2
s +
√
(ω˜n)
2
−K2s

 , (64)
where κSLM = |κSLM|, d = κSLM − ω˜n is the distance
of the SLM to the light line, and Ks =
∣∣K(10) · sˆ∣∣ =∣∣K(11) · sˆ∣∣ as in sec. V.
We can then quantify the sensitivity of both the po-
sition and the width of the SLR to the inclusion of
non-resonant multipoles by one simple parameter s ≡
(Γd−Γcp)/Γd. Here Γd is the width parameter predicted
if only the dominant multipole is included in the analy-
sis – in our problem the electric dipole moment for the
dipolar SLM and the electric quadrupole moment for the
multipolar SLM – and is found by using κSLM in that
limit in (64). Similarly, Γcp is the width parameter when
the non-resonantmultipole – in our problem the magnetic
dipole moment – is also taken into account, and is found
by using the κSLM of that full calculation in (64). Using
(64) to determine these quantities and noting that the
term in brackets varies little when the magnetic dipole is
included, we arrive at a simple relation
s ≈ 1−
dcp
dd
, (65)
where dd is the distance in reciprocal space of the po-
sition of the SLM to the light line when the magnetic
dipole is neglected, and dcp is the corresponding distance
when the magnetic dipole is included in the calculation.
The sensitivity of the SLR to the inclusion of the mag-
netic dipole moment of the spheres is thus most enhanced
when, as a result of the inclusion of the magnetic dipole
moment in the calculation, the position of the associated
SLM reaches the light line, dcp → 0. Thus the merging
of the dispersion relation of the multipolar SLM with the
light line drives an extreme sensitivity of the multipo-
lar SLR to the inclusion of the magnetic dipole moment.
Such an extreme sensitivity is not observed for the dipo-
lar SLR, since the merging of its dispersion relation with
the light line is pre-empted by the appearance of the new
diffracted order.
The SLM dispersion relations are also indicators of the
sensitivity of SLRs to illumination conditions. This point
we discuss in the next section.
VII. DEPENDENCE OF THE SPECTRUM ON
ILLUMINATION CONDITIONS
We now turn to the dependence of the reflectance on
the polarization and direction of the incident light. We
first analyze an angular scan of the reflection with an
in-plane wave vector κ0 ∝ κˆa, as done in sec. III-
V, but now with the incident light p-polarized. While
for s-polarization the two independent sets of moments
were (ps,mκ, qκs) and (mκ, qsz) (see eqs. (33,34)), for
p-polarization they are (pκ, qκκ, qss) and (pz,ms, qκz).
That is, both sets involve an electric dipole moment com-
ponent, coupled to higher multipoles. The structure of
the coupling between the multipoles within these sets is
important in understanding the radiation from the ar-
ray. For s-polarized light we could identify qualitatively
different SLRs, a dipolar SLR associated with the set of
moments (ps,mκ, qκs) and a multipolar SLR associated
with the set (mκ, qsz), but we shall see that the situation
is more complicated here.
As in our discussion of illumination by s-polarized
light, the Rayleigh line and the light line are identified
in Fig. 3, and we consider the range of wavelengths be-
tween λnr and λgz. The angular scan of the specular re-
flectance for wavelengths in this range is shown in Fig. 13.
At angles before the onset of diffraction, θ0 < θR, the
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FIG. 13. Resonant structure of the specular reflection for
p-polarized light with κ0 ∝ κˆa. Arrows indicate the angle
at which the Rayleigh line is crossed and diffraction appears.
Plots are shifted by 1 to improve clarity.
reflection profile exhibits damped SLRs at long wave-
lengths, λ & 780nm, a clear broad SLR at intermedi-
ate wavelengths, λ ≈ (720nm − 780nm), and some res-
onant structure or kinks in reflectivity at short wave-
lengths, λ . 720nm. To gain insight into the nature of
these resonances we analyse the contributions to reflec-
tion spectrum from the two sets of moments. From a
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calculation within electric dipole approximation we find
that at long wavelengths the response of both the in-
plane (pκ) and out-of-plane (pz) components of the elec-
tric dipole moment are resonant. The broad SLRs found
within the full multipolar model at long wavelengths are
of mostly dipole character and result from a mostly de-
structive interference of the resonances associated with
the sets (pκ, qκκ, qss) and (pz,ms, qκz). At intermediate
wavelengths the response of the electric dipole compo-
nent pκ is resonant while pz is not, and the reflection
profile is dominated by an SLR associated with the set
of moments (pκ, qκκ, qss). At short wavelengths the re-
sponse of neither pκ nor pz is resonant. Here the SLRs
are of a mixed electric dipole-electric quadrupole charac-
ter in a narrow range of wavelengths close to λ ≈ 650nm,
and kinks in reflection arise at other short wavelengths.
But generally there is no clear SLR structure that can
be associated with higher order multipole moments, in
contrast to the prominent structure of multipolar SLRs
found in the angular scans for s-polarized incident light,
as shown in sec. III.
To investigate this difference, we first compare the
effects on the specular reflection of s- and p-polarized
light due to the sets of multipoles (ps,mz, qκs) and
(pκ, qκκ, qss), excited by s-polarized light and p-polarized
light respectively (see Eqs. (33-36)); both of these involve
an in-plane component of the dipole moment coupled to
higher multipoles. The similar nature of the matrices S
and P that govern these sets of multipoles results in qual-
itative similar angular scans of specular reflection, domi-
nated by a broad SLR of dipolar nature over a wide range
of wavelengths. In contrast, the natures of the matrices S′
and P′ governing of the response of the sets of multipoles
(mκ, qsz) and (pz ,ms, qκz), excited by s-polarized light
and p-polarized light respectively, are quite different; the
higher multipoles in the set (pz,ms, qκz) are coupled to
a dipole component, while no such component is present
in the set (mκ, qsz). Not surprisingly, the angular scans
of the specular reflection due to the two sets of multi-
poles are markedly different at the long wavelengths at
which the response of pz is resonant. At these wave-
lengths the contribution to the specular reflection due
to the multipoles (pz,ms, qκz) leads to a broad response,
much like the dipolar SLR that arises due to the moments
(ps,mz, qκs) that are excited by s-polarized light, while
no dipole moment component is present in the set of mul-
tipoles (mκ, qsz). But what is surprising is the markedly
different angular scans of specular reflection due to the
sets of multipoles (pz,ms, qκz) and (mκ, qsz), excited by
p-polarized light and s-polarized light respectively, at in-
termediate and short wavelengths at which the response
of the dipole moment component pz is non-resonant.
The difference arises due to the coupling of the higher
multipoles in the set (pz,ms, qκz) to the non-resonant
electric dipole component, as can be seen by compar-
ing the radiation from this set with that which would
be predicted were the dipole component pz neglected in
the calculation. In the latter calculation there is a clear
structure with sharp features, similar to the multipolar
SLR due to the set of moments (mκ, qsz) observed in the
response of the array to s-polarized light; this structure
is absent in the full calculation of the radiation of the
moments (pz,ms, qκz). This extreme sensitivity of the
multipolar response to changes in multipolar couplings
can be understood by analyzing the SLMs of the array.
We come back to this at the end of this section.
We now turn to a consideration of how the direction of
the in-plane wave vector κ0 affects the angular scans of
specular reflectance. The most significant change of re-
flectance with the direction of κ0 is on the sharp features
associated with the multipolar SLR for s-polarized illu-
mination, and since for p-polarized illumination no such
sharp features arise we restrict our attention for the rest
of this section on s-polarized illumination. We identify
the direction of κ0 by the angle that it makes with that
symmetry direction, φ = cos−1 (κˆ0 · κˆa), and we refer
to φ as a misalignment angle; see Fig. 14. As the lat-
tice has a 6-fold rotational symmetry and an inversion
symmetry, we need only consider angles in the interval
φ ∈ (00, 300); here φ = 0 corresponds to wave vector
along the first symmetry direction, κ0 ∝ κˆa, and φ = 30
0
is equivalent to wave vector along the second symmetry
direction, κ0 ∝ κˆb. We calculate angular scans of the
specular reflectance by keeping the misalignment angle
fixed and varying the angle of incidence.
These angular scans reveal that, while the broad dipo-
lar SLR is only weakly dependent on the direction of κ0,
the multipolar SLR is strongly anisotropic and observed
only when κ0 is closely aligned with the symmetry di-
rection of the lattice; see Fig. 14 for a comparison at
λ = 750nm. To compare the anisotropy of multipolar
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FIG. 14. Specular reflection for s-polarized light at λ =
750nm for different values of φ. Inset on the left shows the
first Brillouin zone with the two symmetry directions indi-
cated by κˆa and κˆb; compare with the inset in Fig. 2, where
the second Brillouin zone is also indicated. Inset on the right
shows the disappearance of multipolar SLR at small angle φ.
response at different wavelengths we quantify it by the
value of the misalignment angle at which the multipolar
SLR merges with the Rayleigh anomaly and vanishes; we
denote this angle by φan. At long wavelengths the mul-
tipolar response is extremely anisotropic, φan ≈ 0.1
0 at
15
λ ≈ 750nm. At shorter wavelengths the anisotropy is
slightly less pronounced, φan ≈ 5
0 at λ ≈ 650nm. Never-
theless, the multipolar response of the array is strongly
anisotropic over the whole range of wavelengths that we
consider. This strong anisotropy is a result of sensitivity
of the multipolar response to the changes in the structure
of couplings between multipole moments. That structure
changes qualitatively when the misalignment angle is var-
ied from φ = 0 to a small finite value, with the multipole
moments decoupled into two independent sets at φ = 0,
but all the excited multipoles being coupled together for
incidence direction misaligned with the lattice symmetry
direction. Yet the degree of anisotropy that we observe is
surprising, as we might expect the additional couplings
that arise at small values of φ to be weak.
Finally we note that at φ = 300 and equivalent angles
(including along κˆb) the multipolar SLR is absent; see
the reflection spectrum at φ = 300 in Fig. 14. At φ = 0
and φ = 300 the multipole moments are described by the
same set of equations (33-34) and hence the structure of
the couplings is the same. However, for the the wave
vector oriented at an angle φ = 300, the periodic Green
functions that are associated with the higher multipole
moments (mκ, qsz) do not diverge at the onset of a new
diffraction order, and the multipolar SLRs do not appear.
This is associated with the transverse nature of the ra-
diated electromagnetic field,17 and is easiest seen for the
radiation from mκ. We shall see in the next section that
the diffracted field that arises first for incidence along
κˆb (or an equivalent direction) is characterized by an in-
plane wave vector opposite that of the incident field, and
at diffraction onset the diffracted amplitude must van-
ish then since a dipole cannot radiate in the direction in
which it points.
We have shown that multipolar response is very sensi-
tive to even small changes in the structure of the cou-
plings between multipoles that are driven by changes
in either the polarization or in the direction of incident
light. This sensitivity can be understood by analyzing
SLMs of the array. Consider first the SLMs excited with
s-polarized light incident along κˆa; see Fig. 10 in sec.
IV. The multipolar SLM is in a close proximity to the
light line. Thus even a small change in the dispersion
relation due to a misalignment of κ0 with the symme-
try direction κˆa results in the merging of the SLM with
the light line and a disappearance of the SLR associated
with it. The dipolar dispersion relation is further away
from the light line, and a change in the dipolar disper-
sion relation results in a shift of the SLM rather than its
termination, with the associated SLR of dipolar charac-
ter existing over a wide range of illumination conditions.
A similar reasoning explains the suppression of the mul-
tipolar response for p-polarized light when the coupling
of the higher multipoles to non-resonant electric dipole
is taken into account. Were the coupling to the electric
dipole component pz neglected, a SLM associated with
the set (pz ,ms, qκz) would be found over a wide range of
wavelengths, at wave vectors in a close proximity to the
light line; when the coupling to pz is taken into account
the dispersion relation merges with the light line and the
SLM is not found.
VIII. DIRECT COUPLING TO
SURFACE-LATTICE MODES OF THE ARRAY
In the previous sections we have discussed a diffractive
coupling to SLMs of the array that is signalled by the
appearance of SLRs in reflection. Yet the physical signif-
icance we have attributed to the SLMs leads immediately
to the suggestion that it should be possible to construct
a configuration where direct coupling to them would be
possible. We do that here, and investigate the signatures
of direct coupling on an angular scan of the specular re-
flectance.
Again the analogy with a thin metal film is a use-
ful one. Suppose we have a metal film embedded in a
background medium with index of refraction n above a
substrate with a higher index of refraction, ns > n; see
Fig. 15, but with the array of spheres imagined replaced
FIG. 15. The array at a distance l above an interface. The in-
terface is between two semi-infinite homogenous media, with
the background having the index of refraction n = 1.45, and
the substrate having the index of refraction ns = 1.75. The
array is illuminated by a plane wave incident from the sub-
strate.
by a metal film. When the light is incident from the
substrate above the critical angle, ω˜ns > κinc > ω˜n,
where κinc is the in-plane component of the wave vector
of light, a long-range surface plasmon51 (LRSP) could
be excited by electromagnetic field that is evanescent in
the background medium. Such an excitation would lead
to absorption loss, and so a dip in the reflectivity would
be seen at the angle where the coupling to the LRSP is
optimal. Of course, the κinc where the dip would occur
would not be determined exactly by the dispersion rela-
tion of the LRSP in the absence of the substrate – the
presence of the substrate would modify the dispersion re-
lation – but it would be close if the distance between the
substrate and the metal film were large enough that the
coupling were weak.
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With this analogy in mind, we consider a 2D array
of spheres a distance l above an interface at z = 0
separating two semi-infinite homogeneous media, where
the index of refraction for the background medium at
z > 0 is n = 1.45, and for the substrate at z < 0 it is
ns = 1.75. Suppose that when free-standing in the back-
ground medium the array exhibits an SLR at κSLR, which
signals coupling into a SLM at κSLM = κSLR+K, where
K is one of the reciprocal lattice vectors, and of course
|κSLR| < ω˜n. In the presence of the substrate the SLM is
shifted from its position κSLM for a free-standing array,
but if that shift is small a field incident from the sub-
strate with an in-plane wave vector κinc could certainly
couple diffractively into the SLM when κinc ≈ κSLR. But
in addition to the diffractive coupling, a direct coupling
to the SLM should also be possible at an in-plane wave
vector κinc ≈ κSLM that corresponds to incidence at an
angle above the critical angle, |κinc| > ω˜n.
For simplicity and to illustrate the ideas more clearly
we consider s-polarized light incident from the substrate
with a wave vector component κinc along the second sym-
metry direction κˆb (see Figure 2). We consider a plane
wave incident from the substrate,
Einc(r) = sˆEinceiνs+·r, (66)
where κinc = ω˜nsκˆbsinθs, sˆ = κˆinc× zˆ, and νs± = κinc±
ws(κinc)zˆ with ws(κinc) =
√
ω˜2n2s − κ
2
inc. In the absence
of the array of spheres, the fields that would be reflected
and transmitted are given by
ER(r) = rs0E
incsˆeivs−·r, (67)
ET (r) = ts0E
incsˆeiv+·r, (68)
where rs0 and t
s
0 are the usual Fresnel coefficients for s-
polarized light,
rs0 =
ws(κinc)− w0(κinc)
ws(κinc) + w0(κinc)
, (69)
ts0 =
2ws(κinc)
ws(κinc) + w0(κinc)
, (70)
with ws(κinc) as above, and w0(κinc) =
√
ω˜2n2 − κ2inc.
We now include the presence of the array of spheres
shown in Fig. 15. For our excitation scenario the opti-
cal response of the spheres is well described within the
electric dipole approximation over a wide range of wave-
lengths, since as discussed in sec. VII the narrow SLR
associated with higher order multipole moments is not
found. We thus model the spheres as electric dipoles.
Using the phase relation between the dipole moments,
eq. (20), we formulate the response of the array in terms
of the dipole p at the origin of the lattice, R = 0, z = l.
The dipole is driven by an electric field that can be writ-
ten as the sum of three terms: (a) the transmitted field
(68) at the position of the dipole that would arise were
the array not present, ET = ET (R = 0, l), (b) a sum of
the radiation reaction field and the field scattered from
all the other spheres,
↔
G Ep · p, where
↔
G Ep is the periodic
Green function introduced earlier, (c) the field that is
radiated by the array and reflected back from the sub-
strate,
↔
G Eps · p, where
↔
G Eps is the substrate correction to
the dipole Green function,48
↔
G
Ep
s =
1
Ac
∑
n
iω˜2
2ǫ0
e2iw0(|κinc+Kn|)l
w0(|κinc +Kn|)
An, (71)
where we have defined a dyadic
An = r
s
n
sˆnsˆn + r
p
n
pˆn+pˆn−, (72)
with
sˆn = |κinc +Kn|
−1(κinc +Kn)× zˆ, (73)
pˆn± = (ω˜n)
−1|κinc +Kn|zˆ
∓ (ω˜n)−1w0(|κinc +Kn|)
(κinc +Kn)× zˆ
|κinc +Kn|−1
. (74)
Here rs
n
is the s-polarized reflection coefficient (see eq.
(69)) with κinc replaced by |κinc +Kn|, and r
p
n is the
corresponding p-polarized Fresnel reflection coefficient,
rp
n
=
n2ws (|κinc +Kn|)− n
2
sw0 (|κinc +Kn|)
n2ws (|κinc +Kn|) + n2sw0 (|κinc +Kn|)
. (75)
Adding all the contributions we arrive at the total driving
field,
Etot = ET +
[
↔
G
Ep +
↔
G
Ep
s
]
· p, (76)
in terms of which the electric dipole is given by
p = αpEEtot. (77)
We now calculate an angular scan of the specular re-
flectance of the structure at λ = 900nm. For κinc in the
direction of κˆb the first reciprocal lattice vector of impor-
tance as |κinc| increases from zero is K(01); see Fig. 16.
We choose the array to be at a distance l = l0 from the in-
terface, where l0 =
(
κ2SLM − ω˜
2n2
)−1/2
= 337.2nm with
κSLM = κSLR +K(01) being the wave vector of the SLM
supported by the free-standing array. For this choice of
the distance, the evanescent fields above the substrate at
angles of incidence beyond the critical angle excite clear
resonances in the array, yet the array is far enough from
the interface so that its mode structure is not significantly
modified.
The specularly reflected light exhibits two resonant fea-
tures of a distinct character as the angle of incidence in
the substrate, θs, departs from zero. As θs becomes in-
creasingly positive, we see an SLR-like peak at an angle
near that which corresponds to the SLR resonance of the
free-standing array, sinθSLRs = κSLR/ω˜ns; we indicate
this angle as a dotted line in Fig. 17, and it corresponds
to diffractive coupling to the SLM, at an angle close to
what is seen in the specular reflection of a free-standing
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FIG. 16. First and second Brillouin zone of the reciprocal
lattice. For illumination with in-plane wave vector κinc along
κˆb, the SLR is found at an in-plane wave vector κSLR and the
SLM at κSLM = κSLR +K(01).
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FIG. 17. Specular reflection from the array at a distance
l0 = 337.2nm from an interface, at λ = 900nm. The dashed
and dotted lines indicate the angles at which incident light
would couple directly and with the help of the grating to the
SLM of the array if it were free-standing in a background
medium. The inset shows deviations from these angles of the
resonance features, measured as a distance in reciprocal space,
as l increases from its value at l0.
array. From Fig. 16 we expect the SLM associated with
this SLR to be at κSLM = κSLR +K(01), which is acces-
sible to light incident from the prism at a negative angle
θSLMs , sinθ
SLM
s = −κSLM/ω˜ns. We indicate this angle as
a dashed line in Fig. 17, and near this there is a dip in
the specular reflectance analogous to the dip one sees in
surface plasmon studies, for example, where the excita-
tion of the surface mode leads to a large absorption and
a decrease in the reflectance; this corresponds to direct
coupling to the SLM. The third peak that appears in
the angular range shown in Fig. 17 is near −θSLRs , and
corresponds to the SLR that exists from symmetry at
κSLR; associated with it is a dip at θ
SLM
s , not in the an-
gular range shown, which corresponds to direct coupling
to the SLM at −κSLM.
The agreement between the resonant structures at an-
gles near θSLRs and θ
SLM
s and those angles themselves is
not exact. This is not surprising, as the interaction be-
tween the array and the substrate modifies the effective
polarizability of the array,(
↔
α eff
)−1
=
(
↔
αpE
)−1
−
↔
G
Ep −
↔
G
Ep
s , (78)
cf. eqs. (76,77), and thus it modifies the dispersion re-
lation of the SLM as well. But as l increases the con-
tributions to
↔
G s due to in-plane wave vectors associated
with evanescent fields in the medium becomes negligible,
and we can expect better agreement of the positions of
the resonant structures with θSLRs and θ
SLM
s . In the in-
set of Fig. 17 we show the deviation of the in-plane wave
vectors associated with the resonant structures from the
respective wave vectors κSLR and κSLM, which we iden-
tify as ∆κSLR and ∆κSLM respectively. As l increases
we see that ∆κSLR indeed approaches zero, while ∆κSLM
oscillates around a finite value. The oscillations are asso-
ciated with the coupling of the evanescent fields exciting
the array to fields propagating away from the array by
diffraction; these fields can reflect off the interface, propa-
gate back to the layer, and interact with it again, leading
to interference effects. The finite value is a shift in the
position of the dip arising because the angle at which the
minimum dip occurs depends not only on the position
of the SLM, but also on how it is driven. For a given
field incident from the substrate, the evanescent field at
array will be larger for smaller |θs|, closer to the cut-off
for total internal reflection. This results in a shift of the
position of the dip to smaller |θs|. Nonetheless, it is clear
that the dip can be associated with the direct excitation
of the SLM.
IX. CONCLUSIONS
In conclusion, we have analyzed the multipolar struc-
ture of the reflection of radiation from an array of gold
spheres of moderate size, and its dependence on fre-
quency and illumination conditions. We included the
electric dipole, magnetic dipole, and electric quadrupole
moments of the spheres; full numerical calculations con-
firm that these are sufficient to capture the electrody-
namics for the range of parameters we have considered.
We have shown the importance of including the response
of moments that would be non-resonant and negligible
in magnitude were only an isolated sphere considered;
such moments are sometimes neglected in treatments of
arrays, and at first thought this might seem reasonable.
However, the reflection of an array is dominated by the
so-called surface lattice resonances (SLRs), which appear
at angles close to those where new diffraction orders arise,
and it is at these angles that the electromagnetic cou-
pling between different moments in spheres in an array
can diverge. Due to this coupling, moments that would
be unimportant in the response of an isolated sphere –
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in our example the magnetic dipole moment – can have
important consequences on the angular and frequency
dependence of the reflectivity of an array of spheres.
First, the coupling between the moments can suppress
the SLRs associated primarily with moments higher than
the electric dipole. In the lattice we considered, such
an SLR only survives for s-polarized light incident in
one symmetry direction, where it is due to a dominant
quadrupole moment coupled only to the magnetic dipole
moment. The introduction of additional couplings be-
tween the moments, due to a change in the polarization
or direction of the incident field, results in a vanishing
of this SLR. Second, the profile, position, and the cut-off
frequency at which the SLRs vanish is affected by the
coupling to non-resonant moments. This is most signifi-
cant for the SLRs that do not involve the electric dipole
moment in a significant way, for due to the weak coupling
with the incident light these SLRs are close to the angles
at which new diffraction orders arise. But even for the
other SLRs the coupling effects are non-negligible.
When the interaction between the different multipoles
are important the analysis of SLRs becomes complicated,
but it can be simplified by identifying the “ideal” surface-
lattice modes (SLMs) of the array. They should be
contrasted with the waveguide-like excitations that exist
with the neglect of absorption at wavelengths too large
for diffraction to occur, and with the bound states in
the continuum that do not radiate because of symme-
try or interference between radiative channels.54 Instead,
the ideal surface-lattice modes we consider arise at wave-
lengths where diffraction occurs, and are identified by
neglecting both absorption losses and diffractive losses.
The dispersion relations of these ideal SLMs gives an ex-
tremely good prediction of where the SLRs should ap-
pear, even when absorption and diffraction are included;
the physical picture is that diffraction allows coupling
into them from the incident beam, and the coupling back
leads to the SLR observed in reflection. We have shown
that the dispersion relations can be understood within
simplified models based on isolating the divergent and
leading analytic contributions to the coupling between
the moments, and that an understanding of the proper-
ties of the associated SLRs then follows. In particular,
we identified differences in the effects that drive the ter-
mination of different ideal SLM dispersion relations, and
have linked them to the difference in the sensitivity of
the different SLRs to the couplings between the multi-
pole moments and the illumination conditions.
Finally, we have shown that it should be possible to
observe these ideal SLMs not only by coupling into them
through diffraction, where they lead to the SLRs, but as
well by directly coupling into them through a high-index
prism. This is analogous to the coupling into surface
plasmons or long-range surface plasmons in Kretschmann
or Otto configurations, and should be a new way to study
these SLMs.
While we have considered only one lattice and one size
of spheres, we have looked at the reflectivity as both a
function of angle and wavelength over the range of pa-
rameters where the onset of diffraction is important, and
where the isolated spheres would exhibit some resonant
response. We have examined in detail the response for
light incident along two high symmetry directions, one in
which the electrodynamics is essentially one-dimensional
in its important features, and one in which it is fully
two-dimensional, and as well looked at how the situation
changes when one moves away from these high symmetry
directions. Thus the methods and concepts that we have
applied here should be useful more generally to other
systems as well.
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Appendix A
The expression for the matrices entering the self-
consistent equations for the multipole moments for s-
polarized light (33,34) are given by
S = AS −GS, (A1)
S
′ = A′S −G′S , (A2)
where the matrices involving the proper polarizability
tensors are given by
A
S =

 (αpE)−1 0 00 (αmB)−1 0
0 0
(
αqF
)−1

 ,
A
′S =
(
(αmB)−1 0
0
(
αqF
)−1 ) ,
and the matrices involving the Green functions are
G
S =


GEPss G
EM
sz 2G
EQ
ssκ
GBPzs G
BM
zz 2G
BQ
zκs
GFPκss G
FM
κsz 2G
FQ
κsκs

 ,
G
′S =

 GBMκκ 2GBQκsz
GFMszκ 2G
FQ
szsz

 ,
where the elements take on different values depending on
κ, ω and on whether κˆ0 = κˆa or κˆ0 = κˆb. Similarly, for
p-polarized light we have
P = AP −GP , (A3)
P
′ = A′P −G′P , (A4)
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where
A
P =

 (αpE)−1 0 00 (αqF )−1 0
0 0
(
αqF
)−1

 ,
A
′P = AS ,
and the matrices involving the Green functions are given
by
G
P =


GEPκκ G
EQ
κκκ − G
EQ
κzz G
EQ
κss − G
EQ
κzz
GFPκκκ G
FQ
κκκκ − G
FQ
κκzz G
FQ
κκss − G
FQ
κκzz
GFPssκ G
FQ
ssκκ − G
FQ
sszz G
FQ
ssss − G
FQ
sszz

 ,
G
′P =


GEPzz G
EM
zs 2G
EQ
zκz
GBPsz G
BM
ss 2G
BQ
sκz
GFPκzz G
FM
κzs 2G
FQ
κzκz

 ,
and again the elements take on different values depending
on κ, ω and on whether κˆ0 = κˆa or κˆ0 = κˆb.
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